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45. 


ON THE THEORY OF ELLIPTIC FUNCTIONS. 


[From the Cambridge anil Dublin Mathematical Journal, vol. 11. (1847), pp. 256—266.] 


ADOPTING the notation of the Fund. Nova, except that for shortness sn u, cnu, 
dn u are written instead of sinam u, cosam u, V am u, let the functions 6 (u), H (u) 
be defined by the equations 


A kem Fa imeem (1), 
TT 
LT (€ - Qiu) 
Himcd M MOORE) ee mere S (2), 


it is required from these equations to express sn w in terms of the functions H (u), 
G (u). To accomplish this we have 


d? [om Pere 2 
-— log sn u = snur (g 9v) 


du? sn u du? sn? wu 
1 
=- (1+) + snu- (i = (19) sed . 
= Kk? sn?u— —— ; 
sn? u 


whence also 
: 7 
d log sn u = k? sn? u — k’ sn? (u+ iK’). 


If for a moment 
y, uc | dusmu, yu | d du sn? u, 
0 0 0 


then log sn u = kJ, u — k? qe, (u + iK’) + Au+ B; 
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or writing — u for u and subtracting, 4v,u being an even function, 


2Au =mi — kp, (iK — u) + EN, (KC + u), 
or putting u= K, 
2AK = mi — ky, (KC — K) + Nj, (iK’ + K). 


Now sn? (u + K) — sn? (u — K) — 0, 
and therefore y, (u+ K)- ẹy;(u -K)=2 yK, 
y, (u +K)-ẹy, (u —K)-22u yK; 
or y, GKC + K) — y, GC — K) = UK WK. 
Also E (u) 2 u — ku, 
à ER RRE ie I (1-7). 
Hence 
A «ik (1-3) +p, 


Lodi MM EN ma 
log sn u = kp u — Ey, (w+ ih’) + uL C (1-3) 8 


= kp — kp, (u + LEO) +4 [(u ZI — u] (1 a x) HI» rH 


Ay ZA 
Le, log sn u=log @ (u + iK") - log @u+ 777 + BY, 
or, changing the constant, 
zx O (u - iK") ; 


sn u = Ce Ox 


Now, to determine C, write u — iK" for u; this gives 


rd Pi Ou. 
kmu 8 (u — ik) 


‘nd again changing u into — u, 


Qu 
V hence, multiplying these last two equations, 
aK’ 
zu lo ^a 
C? A k e , 
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1 .TK' 

A ois. 4K . 
or C= i e ; 
whence 

snuz-:.—e im iy Olu t TUE) 
Wk Ou ; 

. _H(u) ans 
i.e. Vk sn u = A erede a d ia a (3) ; 


and the equations (1), (2) and (3) may be considered as comprehending the theory of 
the functions H (u), O (v). The preceding process is, in fact, the converse of that made 
use of in the Fund. Nova; Jacobi having obtained for snw an expression in the form 
of a fraction, takes the numerator of it for H (u) and the denominator for O (u), and 
thence deduces the equations (1), (2) the intermediate steps of the demonstration 
being conducted by means of infinite series; the necessity of which is avoided by the 
preceding investigation. 


I proceed to investigate certain results relating to these functions, and to the 
theory of elliptie functions which have been given by Jacobi in two papers, "Suite 
des notices sur les fonctions elliptiques,” Crelle, t. 11. [1828] p. 306, and t. Iv. [1829] 
p. 185, but without demonstration. 


In the first place, the equation 
dE. 2u (x° i x) dX dX 

K/ du dk 
is satisfied by }=@(u) or E—-H(w) It wil be sufficient to prove this for == © (u), 
since a similar demonstration may easily be found for the other value. The following 
preliminary formule will be required: 


dK E dE 

kp E Nn 
dk E PK j ! m 
uod! vin KK’ — ER’ — E'K —-— m, 


which are all of them known. 


Now, writing © (u) under the slightly more convenient form 


á E 
Ou =E”) Pee o F 


T 
we have 
"ia = (dedita pu) Ou = {u (E g) + Nadu on u) On 
TOn [aeu - Te {u(e—F) + due] Ox, 
ik t laxe uo Pip c S Rt hee du gy de J di 
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The success of the process depends upon a transformation of the double integral 
d 
Jo du fo du T; dn? u ; 
to effect this we have 
4 dn?u=—2%snu (snu +k sn u) ; 


but, by a known formula, 


V^ T, su — kenudnu f, enudu - ken? usnu; 
whence 
d 
sn u- br snu = pa snudutu— ken u dn u fdu onè u, 
d 2 2 2 
or dp dn u=- en u dn? u — k? sn u en u dn u f, du cn? u) 
- 2k sn? u dn? u + 4k? (5. en? u) f, du * wu; 
ps du o du en? uy ; 
whence 


d 2k 
f, du f, du di dn? u = — pz (fo du fo du sn? u dn? v + $k? f, du (cn? u fdu cn? u — fdu ent u)} 


—— id {fo du f, du (2 sn? u dn? u — k? cnt u) + 34? ( f, du cn? uy). 
But | 
de 
jp w-2 (cn? u dn? u — sn? u dn? u — k? sn? u en? u) = 2 (k? — 2 sn? u dn? u + k? cnt u) ; 
or, integrating, 
sn? u = k^? u? — 2 f, du f, du (2 sn? u dn? u — k? cnt u) ; 
whence at length 


j du f, du ©. dn? u = — low + 4 E suu grs (fo du cn? u). 


Also 
donor dis E. cd INL ET (EE o esu 
ao ee” Oe - ga LP x 1) m 
80 that 
2 
mu ra dn? u — u? (r- — k (Jdu cn? uh Ou. 
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Substituting these values of x Ou, Es , Ou and e @u in the equation (4) in the place 
of the corresponding differential coefficients of X, all the terms vanish, or the equation 
is satisfied by E = © (u), and similarly it would be satisfied by £ = H (u). 


Assume now 


then observing the equation 


d K' 


ak K = gay b KE’ —-K'E)-— 


Eek cow 
2I kk?" 


we have 
d T dX Gz, om a> 
u Kdv? dw 4K* dv’ 


A dX ai dX. 


kk’? K) dv 2K*kk dw’ 


whence, substituting in the equation (4), this becomes 


d? dX — 

LE PLI egerne ke n ad (5), 
which is of course satisfied as before by 2=@(u), or 2=H(u), an equation demon- 
strated in a different manner (by means of expansions) by Jacobi in the Memoirs 


referred to. 


Consider next the equation 


dF 
du? 


d2- ada 
— 9nu (ao jy + RMR messes (6), 


(n being any positive integer number). Then, by assuming 


. we should be led as before to the equation (5). Hence, considering Ow or Hw as 
functions of u and 3 , the equation (6) is satisfied by assuming for = a corresponding 
function of nu and = Let X be the modulus corresponding to a transformation of the 
n" order; then A, A' being the complete functions corresponding to this modulus 
^ = nod so that the equation (6) will be satisfied by assuming 2=@ (nw) or 
X = H, (nu), where @,, H, correspond to the new modulus A. 
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Assume now in the equation (6), 


à (n) 
Sie (S) ” (Ki! 3o Ou. z. 


Hence, substituting, 


d / A p d a 
i z ("^u . z) — 2nu (^-2)3 x (Ow. z) + 2nkk^ (Kk) "= ai (KE) 4-1) 654.2] 20; 
d Ames n—1ldKk 
/ à (n—1) Pied / —i (n— n, "e n. n. 
but (Kk) Jii Ier) » Ou. z] i (^u . 2) — SKF dk Ow. z, 


or effecting the differentiation, and eliminating sits by means of the equation obtained 


from (4) by writing X = Gu, 


(Kio $ (Kk) Ow. z] 


dz nz d? Ou , E\dOu) n-—1 E 
-oru |Z- serena -3(e- x) t e t-g) 


Substituting in (6) and reducing, 


d's on la; ue - (6-3) LN kis 2 


du? On du K/ | du dk 
1 /(dew* 1 &Ou E 
eni - Ds UR) e 2e |*(0-x)]*7* 
dz d log Ou E^ | dz n dz 
Le, Me Pi l1 
1 demi a (ee x) + 2n kk” Ty 
.[ log Ou E 
+n(n—1)|- es +(1-%) [2-0 
But 
PEN =u (e) = k? f, du cn? u, 
e P 1-— T 
whence 
de 2 On’ Z 1) an? u'.z=0 T). 
daa t 2047 (fo du en u) E+ 2nkk di -n(n— 1)Psn*u.z-—0..... sess (7); 
Which is therefore satisfied by 
2Kk\t"—) Onu Sadi H nu. 
"m gs T Ou * -( T Q^u ` 
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and each of these values is an algebraical function of sn w, (viz. either a rational 
function or a rational function multiplied by cnudnw). Also, in the transformation of 
the n order, 

H, (nu) | 

O, (nu) ' 


yA sn, u = 


so that it is clear that the above values of z may be taken for the denominator and 
numerator respectively of 4Xsn,w; ie. these quantities each of them satisfy the equa- 
tion. (7). 
By assuming 
& — A ksn u, a=k+ 7, 


this becomes 


n (n — 1) a*e + (n—1) (az — 229) 72 (1 — ant + at) 72 — 2n (ce ~ 4) & = cms (8); 


which is therefore satisfied by assuming for z either the numerator or the denominator 
of J/Xsn,u (the transformation of the n™ order) which is the form in which the 
property is given by Jacobi. 


In the case where n is odd, the denominator is of the form 
iB. E Bg n + By in» 20-1 , 


and then the numerator is 


v (Byin—» gio de Ba + Bg), 


B= AJ (gy) > By in) -/ (gar) ; 


and all the remaining coefficients may be determined from these, the modular equation 
being supposed known. But the principal use of the formula is for the multiplication 
of elliptic functions, which it is well known corresponds to the case where n is à 
square number. Writing n=», when v is odd, the denominator is 


where 


1+ Bat... + Byra a7 + ye, 


(the + sign according as v =(4p+1) or (4p —1)); and the numerator is obtained from 
this by multiplying by æ and reversing the order of the coefficients. When v is even 
the denominator is 


1+ Bat... + Boa’ ra, 


(+ or —, according as v=4p or v=4p+2), so that there are only half as many co- 
efficients to be determined; but then the numerator must be separately investigated. 
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In general by leaving n indeterminate, and integrating in the form of a series 
arranged according to ascending powers of 2°; then, whenever n is a square number, 
the series terminates and gives the denominator of the corresponding formula of multi- 
plication; but the general form of the coefficients has not hitherto been discovered. 


By writing A instead of æ, and then making n infinite, the equation (8) takes the 


form 


dz dz 


az + aw Tyt d ege 4) 7 =0 Ml as A Sine sas heh cento (9): 


and it is worth while, before attempting the solution of the general case, to discuss this 
more simple one’. 


Assume 


a? gr 
@=14+Q 79+ org, t ; 


then it is easy to obtain 


Ona = — (2r + 1) r2) C, — (2r + 2) a0 yy, + 2 (ct — 4) dore 


The general form may be seen to be 
0, (-y* (227 C, ar 4- 92-5 Q2 ar e... } ; 
and then 
Cr+? — pC? — — r (2r - 1) C, ,??3 + 16 (r-2— 2p) C,*? . 
The complete value of C,? (assuming C, —0) is given by an equation of the form 
C,? = 0,» 10,» 2r + °C,” 97... 930,9 gr, 
where *O,9, TOR ...... are algebraical ‘functions of r of the degrees 2p—2, 2p —4, &c. 
respectively; but as I am not able completely to effect the integration and my only 
object being to give an idea of the law of the successive terms, it will be sufficient to 


consider the first or algebraical term °C”, which is determined by the same equation 
as O,”, and is moreover completely determined by this equation and the single additional 


! Writing (8--2) for a, and putting z — e p, this becomes 


-p-ax?p- pr 2o <P + (88+ ar) ÎL 


ap’ 
and if oz ZZ,8^, 
ue - (8n+1) Z,— (m-2-22) Za 
from which the successive values of Z,, Z;, &c. might be calculated. 
C. 38 
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relation C,  —1, since the arbitrary constants of the integration affect only the terms 
multiplied by 2", 37, &c. 


Assume C,P? 


1 
= [p -1j^ (221 L? [r ces 2]:»- + 27-2 M» [r — 3)? +... 9751 X» [r AG 2p] ; 
and substituting this value, 


> 


p) i } 
(1 — p) M» — 2p (2 — 2p) LP? = (1 — p) {Mr — 11L23 h 
(1 — p) N? — 2p (3 — 2p) M» = (1. — a! {Ne — 7M?3.--12L»3) 
(1 — p) OP — 2p (4 — 2p) N? =(1 —p) m — 8N»3--30M?3j, 


the law of which is obvious, the coefficients on the second side in the qth line being 
1, 4g — 19, and (2q — 3) (2q — 2) respectively. By successive integrations and substitutions 
Ir — Lea ad i? 1, 
M?» — MP = 4» — 11, M? = (p — 1) (2p — 7), 
N? — NP = — 8p* + 26p* + 49p — 114; 


(the constants determined by M'-0, N?—0, 0?=0, P*—0,...so as to make C,? con- 
tain positive powers only of r). 


The following are a few of the complete values of C,?, the constants determined 
so as to satisfy Cys” =0 (except C;-—1), and the factorials being partially developed 
in powers of r, viz. 

O = E 

C, = (r — 3) (2r — 7), 

C? = 4 (r—4) (r — 5) (4r? — 24r + 51), 

rt = 4 {(r—5) (r — 6) (r — 7) (87° — 60r? + 286r + 63) + 384 (9r? — 93r + 242 — 2 . 475), 

&c. 


(it is curious that Cj, Cj, C, all three of them vanish) It seems hopeless to con- 
tinue this investigation any further. 


Returning to the equation (8), and assuming for z an expression of the same 
form as before, we have, corresponding to the equations before found for the co 
efficients C,, 


Cua m — (2r + 1) (2r + 2) (n — 2r) (n — 2r — 1) C, — (2r + 2) (n— Ir — 2) aC, + 9n (a? — 4) ES 
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The ease corresponding to the denominator in the multiplication of elliptic func- 
tions is that of C, —1, C,—0. It is easy to form the table— 


C, = i, 
C, = 0, 
C, 2 — 2n (n — 1), 


C= 8n(n—1)(n—4)a, 

C, — 4n(n— 1) (n — 4) [n+ 75] 
— 32n (n — 1) (n — 4) (n — 9) æ, 

O= 96n(n—1)(n—4)(n—9) [n-4-44]a 
4- 128 n (n — 1) (n — 4) (n — 9) (n — 16) æ, 

O, = — 24 n (n — 1) (n — 4) (n — 9) [17n? + 403n + 9000] 
— 960 n (n — 1) (n— 4) (n— 9) (n— 16) [n+ 41] @ 
— 512 n (n — 1) (n — 4) (n — 9) (n— 16) (n — 25) c, 

C, = + 96 n (n — 1) (n — 4) (n — 9) (n — 16) [79n? + 2825n + 36180] a 
+ 7168 n (n — 1) (n — 4) (n — 9) (n — 16) (n — 25) [n + 42] a? 
+ 2048 n (n — 1) (n — 4) (n — 9) (n — 16) (n — 25) (n — 36) a’, 


C, = — 48 n (n — 1) (n — 4) (n — 9) [283n* — 26978n? + 277827n? — 5491932n + 127764000] - 


— 3840 n (n — 1) (n — 4) (n — 9) (n — 16) (n — 25) [23n? + 1069n + 23436] a? 
— 15360 n (n — 1) (n — 4) (n — 9) (n — 16) (n — 25) (n — 36) [3n + 133] at 
— 8192 n (n — 1) (n — 4) (n — 9) (n — 16) (n — 25) (n — 36) (n — 49) a’, 


&c. 


in which of course the coefficient of the highest power of n, in the successive co- 
efficients C,, is the value of C, obtained from the equation (8) With regard to the 
law of these coefficients I have found that 
O, = (—y* 27-5 n (n — 1?) ... (n — (r — 1y] €? ar 
+ 27-6 n (n — 1?) ... (n — (r — 2Y} C? ar— 
+ 227-9 n (n — 1?) ... (n — (r — 3y] C3 av 
t &c. 


(where however the next term does not contain, as would at first sight be supposed, 
the factor n (n — 12)... {n—(r—4)?}). And then 


(ol. 
C? = (r — 8) [n (2r — 7) - (r — 1) (8r — 7)], 
O3=4(r—4)(r—5)[ m (47*—24r--51) 
+ n (323 — 220r? + 412r — 255) 
4-2 (r — 1) (r — 2) (32r? — 88r + 51)]. 
38—2 
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In conclusion may be given the following results, in which, recapitulating the 
notation 


æ — Ak sn u, a=k+t, Ax = (1 — ax? + a), 
2x Ax 
Vk sn 2u= 175, 
_ &(8 — 40a? + Cart — q$) 
vken 3u = T bat + dag? — BaP” 


m 4a Aa (1 — a4) (1 — 2a? + Gat — 2a + a?) 
P 8n = T= 20at + 82az* — (26 + 160) a? + 8200” — 20a? + a’ 


Vk sn 5u = a {5 — 2022? + (62 + 16a?) a — 80aa* — 10528 + 360a" — (300 + 24022) x? 


+ (868a + 64a*) v4 — (125 + 160a?) 235 + 1402435 — 502? + x} 
{1 — 50a4 + 140aax* — (125 + 160a?) a5 + (368a + 64a?) 2 — (300 + 2402?) 2 


+ 360a4* — 105435 — 80aa* + (62 + 16a?) a — 20ax” + 54? 
&c. 


Thus, writing — 2? for 2*, k — 1, and therefore a= 2, 


tan 3u = a CESP + bat — at) _ æ (8—2) (1 +a} _ w (3—2) 
1 — bat — 84 — 3a (1—3@)(1 +2) 1-32?’ 


where «=tanu. (And in general in reducing tannu the extraneous factor in the 
numerator and denominator is (1+ .*)i"™—),) 
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